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Analytical Approximation of Packet Delay Jitter in Simple Queues

Karim Hammad, Abdallah Moubayed, Abdallah Shami, and Serguei Primak

Abstract—Delay jitter of data packets is known to be a
crucial quality of service measure especially for real-time appli-
cations (e.g., VoIP). It takes place as a result of the queuing,
scheduling, and routing latencies within the network. However,
control schemes that directly tackle the jitter problem in today’s
advanced wireless systems are rare. To enable such schemes,
proper modeling of the packet delay jitter is an essential prelim-
inary step. This letter presents a comprehensive mathematical
modeling for the packet delay jitter in a simple queuing system
with one traffic buffer of infinite length, one server, and sin-
gle hop. In contrast to independent and identically distributed
models, our analysis focuses on the correlated nature of service
intervals. The presented models study different scenarios and
parameters for the queue in terms of the system’s utilization and
the probability distribution of data packets’ service and interar-
rival times, respectively. Numerical simulations demonstrate the
high accuracy achieved by the presented models.

Index Terms—Delay jitter, QoS, queuing theory.

I. INTRODUCTION

THE UNABATED evolution of today’s wireless technolo-
gies, which support extremely high data rates, becomes

evidently the main driver of the current wide spectrum of mul-
timedia services. This spectrum ranges from services such as
VoIP, real-time video streaming, social networking, interactive
on-line gaming and ends up by the new evolving concept of
Internet of Things (IoT). The emergence of such services over
the currently deployed 4G or even the future 5G networks is
associated with stringent QoS requirements. One vital QoS
metric that substantially affects the end-to-end experience of
real-time services is the packet delay jitter.

In literature, various attempts have been carried out either
to control the delay jitter [1], [2] or to provide an ana-
lytical approximation to it [3], [4]. Houeto and Pierre [1]
developed a jitter constraint admission control mechanism
to provide eventual guarantees on the delay jitter bounds in
multi-service ATM networks. Utilizing a different approach,
Oklander and Sidi [2] provided an analytical model for the
well known jitter buffer mechanism. The jitter buffer mech-
anism is known as a post-processing scheme implemented at
the receiver side to compensate for the delay jitter encoun-
tered by the packet throughout its network route. In contrast
to Houeto’s approach, Matragi et al. [3] proposed a proba-
bilistic model for estimating the end-to-end jitter of a periodic
traffic (by means of estimating the departure process) travers-
ing through multiple nodes in an ATM network. Similarly,
Wen et al. [4] provided a theoretical evaluation for the packet
delay jitter of a real-time service in double queue single server
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with limited capacity queuing system. The real-time traffic
flow was modeled as Two-state Markov-modulated Bernoulli
process (MMBP-2) while the other non real-time flow was
modeled as an interrupted Bernoulli process (IBP).

Considering the simplest queuing model with a single flow
per node server and single hop for each packet, the packet
delay jitter is due to the stochastic nature of both of the pack-
ets evolution and the channel quality serving these packets. In
this context and to the best of our knowledge, it has been noted
that none of the published research has provided a clear math-
ematical expressions describing the jitter behavior. As a result,
this letter is devoted to presenting a solid mathematical char-
acterization for the delay jitter of the simple queuing model in
different scenarios. The underlying objective is to help derive
heuristic algorithms for a jitter-efficient packet scheduler that
could be utilized in today’s wireless networks.

The rest of the letter is organized as follows. Section II
presents the jitter model for the single-flow single-server
queuing system under different traffic loads, and packets’ inter-
arrival and service time statistics. The numerical validation for
the derived models in Section II are provided in Section III.
Finally, Section IV concludes the letter.

II. ANALYTICAL APPROXIMATION OF JITTER IN QUEUES

Following [3], we define jitter �t(k + 1, k) = τk+1,d − τk,d
as a time difference between delays experienced by two
sequential packets indexed as k and k + 1, where τk,d is
the queuing delay for packet indexed k. At this point the
values of �t(k + 1, k) could be negative, in spite of the
standard practice of considering only the absolute value of
the jitter. In this section we will be interested in approxi-
mating the distribution of �t(k + 1, k) and, above all, the
approximation of its mean mj = E{�t(k + 1, k)}, abso-
lute value mean m|j| = E{|�t(k + 1, k)|} and the variance
σ 2

j = E{(�t(k + 1, k))2}. In general, the problem is hard to
solve analytically. In order to simplify the analysis we con-
sider three modes of queue operation based on the system’s
utilization factor ρ

1) underloaded (underutilized) system ρ � 1
2) critically loaded system 1 − ρ � 1
3) intermediate case.

A. Underutilized Queue

In the underutilized system the queue is very shallow, con-
sisting mainly of a single packet. In other words, as soon
as a packet gets into the queue, it starts being served. The
difference in the delay between two sequential packets in
underutilized queue is thus defined only by a difference in
the service time (and independent of the arrival process), i.e.,

�t(k + 1, k) = τk+1,s − τk,s (1)

where τk,s is the time needed to service k-th packet. As a result,
the statistics of �t(k+1, k) is defined by the joint distribution
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of two sequential service times p2s(τ1, τ2). Using well known
results from statistics [5], the distribution of difference of two
random variables is given as

pj(z) =
∫ ∞

−∞
p2s(τ1, τ1 + z)dτ1 (2)

In some cases, such as G/M/1 queues, the service time for
different packets are independent, which allows for a simpler
expression of the jitter distribution:

pj(z) =
∫ ∞

−∞
ps(τ1)ps(τ1 + z)dτ1 (3)

i.e., it depends only on the marginal PDF ps(τ ) of the service
time. It is worth noting here that for deterministic constant
service time ps(τ ) = δ(τ − Ts) one immediately obtains
pj(z) = δ(z), i.e., in the case of a light load there is no jitter
introduced by the queue (i.e., arrival process) and the server
combined.

1) G/M/1 Queue: In this case, the service time is expo-
nentially distributed with the average rate μ packets per
second

ps(τ ) = μ exp(−μτ)u(τ ) (4)

Here u(τ ) is the Heaviside unit step function [6]. Making use
of equation (3) one obtains

pj(z) =μ2
∫ ∞

−∞
exp(−μτ1) exp(−μτ1 − μz)u(τ1)u(τ1 + z)dτ1

= μ

2
exp(−μ|z|) (5)

Using the PDF (5) one can obtain the following expressions
for the mean, absolute mean and the variance of jitter

mj = 0, m|j| = 1

μ
, σ 2

J = 2

μ2
(6)

Thus, in order to reduce jitter, one has to increase the service
rate μ.

2) Gilbert-Elliot (GE) Channel: Let us assume that packets
of a fixed length L bits are being served by a Gilbert-Elliot
channel with the service rate RB in the “BAD” state B, and
the rate RG > RB > 0 in the “GOOD” state G. The transition
between the states are described by the following transition
matrix [7]

T =
[

(1 − d)PG + d (1 − d)(1 − PG)
(1 − d)PG (1 − d)(1 − PG) + d

]
(7)

In this model PG is the probability of the “GOOD” state, while
0 ≤ d ≤ 1 defines the correlation properties of the channel. If
d = 0 the states are changing in an independent manner, while
d = 1 corresponds to the situation of no transition to another
state (constant channel). The service time of a packet in the
state G is τG = L/RG, while in the state B is given by τB =
L/RB. Considering two sequential packets, one can observe
that no jitter will appear if the channel does not change its state
(i.e., GG or BB combination appears), while the difference
τG − τB = −τJ corresponds to the channel changing from B
to G and τB − τG = τJ corresponds to GB transition. Here

τJ = L

RB
− L

RG
= L(RG − RB)

RGRB
(8)

Therefore, the distribution of jitter is given as

pj(z) = (1 − PGB − PBG)δ(z) + PGBδ(z − τJ) + PBGδ(z + τJ)

= [1 − 2(1 − d)PG(1 − PG)]δ(z) + (1 − d)PG(1 − PG)

× δ(z − τJ) + (1 − d)PG(1 − PG)δ(z + τJ) (9)

Using the PDF (9) one can obtain the following expressions
for the mean, absolute mean and the variance of jitter

mj = 0, m|j| = 2(1 − d)τJPG(1 − PG),

σ 2
J = 2τ 2

J (1 − d)PG(1 − PG) (10)

It can be seen from (10) that the reduction of jitter could be
achieved in a number of ways:

• Equalizing the service time in each state of the channel
(reduction of τJ) by the channel inversion [8].

• Increasing speed of a mobile leads to lowering of d, thus
it produces an increased jitter. Converse will reduce jitter.

• Increasing the probability of one state over the other will
lead to reduction of jitter. This could also be achieved by
channel inversion.

3) Correlated Exponential Service Time: There is no single
model for the bivariate exponential distribution, even in the
Markov case [7]. However, to investigate the effect of service
time correlation, we choose a simple distribution, suggested
in [9] for exponentially correlated Markov processes

p2s(τ1, τ2) = (1 − d)μ2 exp[−μ(τ1 + τ2)]u(τ1)u(τ2)

+ dμ exp(−μτ1)u(τ1)δ(τ1 − τ2) (11)

where τ1 and τ2 represent two consecutive and correlated
service times, and d is the correlation parameter as in (7).
Simple algebra results into the following expression for the
jitter distribution:

pj(z) = (1 − d)
μ

2
exp(−μ|z|) + dδ(z) (12)

Therefore, the mean and the variance are given as:

mj = 0, m|j| = (1 − d)
1

μ
, σ 2

J = (1 − d)
2

μ2 (13)

Not surprisingly, this example confirms the conclusion of
Section II-A2 that correlation suppresses jitter.

B. Heavy Loaded Queue

In the case of a heavy load 1 − ρ � 1 the queue is almost
never empty. Let us assume that the k-th packet starts being
served at time instant t = 0. Let t0 < 0 be a time of arrival of
the k-th packet to the queue. According our assumption of a
long queue, the time t0 + τA of arrival of the k + 1-th packet,
also precedes t = 0, i.e., this packet is in the queue by the
beginning of service time of the k-th packet. Here τA is the
interarrival time. The k-th packet will be served at the time
instant t = τk,s, while the k + 1-th packet will be served at the
time instant t = τk,s + τk+1,s. Therefore, the jitter �t(k + 1, k)
could be evaluated as

�t(k + 1, k) = (τk+1,s + τk,s − t0 − τA) − (τk,s − t0)

= τk+1,s − τA (14)

Thus, the jitter is now a function of the arrival and service
time distributions.
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1) M/M/1 Queue: Let us assume that packets are arriving
at a rate λ and being served at the rate μ > λ = μρ. In this
case both interarrival time and service time are exponentially
distributed, i.e.,

pA(τ ) = λ exp(−λτ)u(τ ), ps(τ ) = μ exp(−μτ)u(τ ) (15)

Following equation (2) one can derive the following distribu-
tion of the jitter �t(k + 1, k)

pj(z) = μλ

μ + λ

{
exp(−λz) if z ≥ 0
exp(μz) if z < 0 (16)

The corresponding mean, absolute mean and the variance are
given by

mj = μ − λ

λμ
= 1

μ

1 − ρ

ρ
≈ 0, m|j| = 1

μ

1 + ρ2

(1 + ρ)ρ
≈ 1

μ
,

σ 2
j = 1

μ2

1 + ρ2

ρ2 ≈ 2

μ2 (17)

It can be seen that for the heavy loaded system, the impact on
jitter could be similar to that of the light loaded system. It is
important to note that this is true only in the case of M/M/1
queue.

2) D/M/1 Queue: In the case of deterministic interarrival
intervals pA(τ ) = δ(τ − TA) where TA = 1/λ = 1/ρμ is the
interarrival interval. Therefore, the distribution of jitter is just
a shifted version of the service time distribution

pj(z) = μ exp[−μ(z + TA)]u(z + TA) (18)

The load of the system ρ = 1/TAμ. The corresponding mean,
absolute mean and the variance are given by

mj = TA − 1

μ
= 1 − ρ

ρ

1

μ
≈ 0,

m|j| = 2ρ exp(−1/ρ) + (1 − ρ)

ρ

1

μ
, σ 2

j = 2

μ2 (19)

3) GE Channel: Let the server be described by a set of M
states with probabilities Pm and service rate Rm > 0 in the
m-th state. The density of the service time τs,m = L/Rm is
given by

ps(τ ) =
M∑

m=1

Pmδ(τ − τs,m) (20)

Furthermore, assuming that pA(τ )u(τ ) is the PDF of the inter-
arrival time, the distribution of the jitter could be expressed as

pj(z) =
M∑

m=1

PmpA(−z + τs,m)u(−z + τs,m) (21)

It is worth noting at this stage that correlation of the underlying
Markov channel does not affect the jitter distribution, since a
service time for a later packet includes the whole service time
of the preceding packet.

C. Bridging Case

In the intermediate case when the incoming traffic does not
always keep queue occupied we suggest the following approx-
imation to the distribution of jitter. Let P0 be the probability
of the empty queue. In this case

pj(z) = P0pj,l(z) + (1 − P0)pj,h(z) (22)

Fig. 1. Packet delay jitter evaluation for the M/M/1 queue.

Here pj,l(z) is the jitter PDF in the case of low load while
pj,h(z) is the PDF of the jitter in the case of high load. The
exact value of P0 is known in some cases of classical queues.
For example, for M/M/1 queue P0 = 1−ρ = 1−λ/μ, therefore
one obtains

pj(z) = (1 − ρ)
μ

2
exp(−μ|z|) + ρ2

1 + ρ

{
exp(−λz) if z > 0
exp(μz) if z < 0

(23)

Other approximation could be obtained in the very much same
manner. In many sources it is suggested that P0 is substituted
by 1 − ρ in the case of an arbitrary sources.

III. NUMERICAL SIMULATIONS

This section presents MATLAB numerical evaluation for the
packet delay jitter models developed in the previous section.
Two types of traffic are considered. First, the Poisson traffic
is considered in the case of M/M/1, M/GE/1 and M/ExpCorr/1
(i.e., exponentially correlated service time case) queues. The
second type is the deterministic traffic, considered in the
D/M/1 queue, where packet arrivals are assumed to be peri-
odic. In both cases the packet arrival rate (i.e., λ) is kept
constant at 103 packets/sec while the average service time
(i.e., 1/μ) in msec takes the values {0.1, 0.5, 0.9} to study
the system at the light, moderately and heavy loaded queue
modes (i.e., ρ = {0.1, 0.5, 0.9} value), respectively.

For the M/M/1 queue, the results depicted in Fig. 1 show a
very good agreement for the derived jitter models, described
in (5), (16) and (23), with the simulation results at the three
queue modes. In addition, it is shown that increasing the queue
load ρ (i.e., packets’ queuing delay) increases the packet delay
jitter variance. In contrast to M/M/1, when setting the pack-
ets’ interarrival time to a constant value (i.e., TA = 1 msec),
the D/M/1 queue delay jitter was found as shown in Fig. 2.
The results illustrate that the analytical jitter models developed
in (5), (18) and (23) provide an accurate approximation for the
simulation results.

To investigate the effect of packets’ service time correlation
on the jitter performance of the M/M/1 queue with light load
(i.e., ρ = 0.1), the Markov model for exponentially corre-
lated process developed in [9] is utilized to set exponentially
correlated service times for the generated packets. The results
presented in Fig. 3 show the performance of the jitter model
developed in (12) in comparison with the simulation results
and the effect of changing the correlation parameter (i.e., d)
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Fig. 2. Packet delay jitter evaluation for the D/M/1 queue.

Fig. 3. Packet delay jitter evaluation for the M/ExpCorr/1 queue.

Fig. 4. Packet delay jitter evaluation for underutilized M/GE/1 queue.

on both. It is noted that the analytical model shows a good
representation for the simulation results especially at low cor-
relation. On the other hand, increasing the packets’ service
time correlation sharpens the delay jitter distribution around
zero (i.e., the delta term in equation (12)). This behaviour
pertains to the fact that high correlation for service time (i.e.,
large value for d), while knowing the service time to be the
sole factor affecting the jitter in case of low loaded system,
implies high correlation for the packet delay, and hence, low
packet delay jitter.

For the case of GE server, and M/GE/1 queue, the analytical
jitter models derived in (9) and (21) are numerically evalu-
ated in Fig. 4 and Fig. 5 for low and high load, respectively.

Fig. 5. Packet delay jitter evaluation for heavy loaded M/GE/1 queue.

In the case of underutilized queue, Fig. 4 results show the dis-
crete distribution for the jitter, as in (9), at the values 0 and
± τj. It should be noted that the GE model was set to have
τG = 5 msec and τB = 10 msec for both cases. Moreover, the
results shown in Fig. 4 demonstrate a subtle match between
the theoretical model and simulation at different probabilities
for the good and bad states. Finally, at high queue load, the
jitter model suggested in (21) for the M/GE/1 queue highly
represents a real simulated queue as illustrated in Fig. 5.

IV. CONCLUSION

An extensive analytical model for the delay jitter in the sin-
gle queue single server queuing system has been developed.
It was found that at different utilization levels and service
statistics for the queue, the parameters affecting the delay jit-
ter change accordingly. The presented expressions were tested
via numerical simulations and were found to be accurate.
The insights gained in this letter are currently being utilized
to design various jitter-efficient heuristic packet scheduling
algorithms for LTE networks in a sequel to this letter.
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