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Carbon nanotubes �CNTs� are widely hailed as the strongest material known to mankind. However,
experimental measurements—and even theoretical estimates—of their mechanical properties span a
wide range. We present an atomic force microscopy study of multiwalled CNTs, which, unlike
previous such studies, measures the tube compliance as a function of position along suspended
tubes. This permits a simultaneous determination of the effective Young’s and shear moduli of
CNTs: 350±110 and 1.4±0.3 GPa, respectively. © 2007 American Institute of Physics.
�DOI: 10.1063/1.2433125�

I. INTRODUCTION

The discovery of carbon nanotubes �CNTs� in 1991 fas-
cinated the nanomaterials research community and triggered
investigations of their structural, physical, and chemical
properties.1 Their excellent mechanical and electrical proper-
ties are now being exploited in diverse applications including
field-emission displays,2 nanosensors,3 nanotweezers,4

atomic-scale probes,5 and composite materials.6 There are
two basic types of CNTs: a graphene sheet rolled seamlessly
is referred to as a single-walled nanotube �SWNT�, while a
concentric series of SWNTs is referred to as a multiwalled
nanotube �MWNT�. By analogy to flat graphene sheets, the
innate strength of the C–C bond suggests a Young’s modulus
of 1 TPa—the strongest material known to mankind. Particu-
lar interest in the fabrication of CNT-based composite mate-
rials is largely due to this high tensile strength coupled with
flexibility and, in the case of MWNTs, low friction between
the layers. CNTs are principally produced by arc discharge,7

laser ablation,8 and chemical vapor deposition.9 However,
catalytic chemical vapor deposition �CCVD� shows the most
promise for scalability to large-scale production of low-cost
products of high purity. The growth mechanism of CNTs is
expected to have a significant effect on their mechanical
properties; however, its details remain a topic of debate.
Prior to routine fabrication of composite materials, the me-
chanical properties of individual nanotubes must be under-
stood. Here, we detail our studies of the mechanical proper-
ties, namely, elastic and shear moduli, of multiwalled
nanotubes.

An early study of the mechanical properties of MWNTs

used the transmission electron microscope �TEM� to measure
the amplitude of thermal fluctuations of cantilevered tubes,
allowing a Young’s modulus of 1.8±0.9 TPa to be
deduced.10 Further, Wong et al. and Salvetat et al. used the
atomic force microscope �AFM� to measure the average
Young’s moduli as 1.28±0.59 and 0.81±0.41 TPa,
respectively.11,12 Yu et al. measured the tensile properties of
MWNTs to report Young’s moduli ranging from
270 to 950 GPa.13,14 A surprisingly low Young’s modulus
ranging from 12 to 100 GPa has also been reported.15 How-
ever, these low values were attributed to the misalignment of
graphitic planes with the tube axis. Raman spectroscopic
studies by Lourie and Wagner reported a Young’s modulus
ranging from 1.7 to 2.4 TPa.16

The mechanical properties of MWNTs have also been
determined by numerical studies. One such study using first
principles and empirical potential methods predicts a
Young’s modulus of 1.06 TPa;17 however, Yakobson et al.18

reported a value of 5.5 TPa. Thus, a rather scattered range of
Young’s moduli �from 0.5 to 5.5 TPa� has been reported in
both experimental and numerical studies.

The ability of the AFM to map mechanical properties at
the nanometer scale makes it the natural instrument for
studying nanostructures. Previous AFM studies have used a
single-point approach to study the strength of polypyrrole
nanotubes,19 poly �L-lactic acid� fibers,20 and SWNT ropes.21

In these cases, a known force was applied at a single point on
a suspended nanotube, and Young’s modulus determined
from the resulting deflection. This technique, while valid, has
some shortcomings. In addition to an inherently limited ac-
curacy, the values obtained are highly reliant on the posi-
tional accuracy of the AFM scanner, which is often suspect
for “open-loop” configurations, in which actual position is
not measured. Further, a single-point measurement provides
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no means of measuring the profile of the deflected tube and
therefore of justifying the model employed, particularly if it
relies on more than a single parameter. In some cases, this
difficulty has been avoided by employing additional
assumptions.21,22 For instance, Salvetat et al. assumed a
Young’s modulus of E=600 GPa to determine a shear modu-
lus in the range of 0.7–6.5 GPa for SWNTs of diameter of
4.5–20 nm.21 Recently, we demonstrated the measurement
of Young’s modulus of bacterial cellulose nanofibers by mea-
suring the fiber compliance at a series of positions.23 Here,
we extend this technique to characterize both elastic and
shear properties of MWNTs, thus providing a direct experi-
mental measurement of the shear modulus of MWNTs.

II. EXPERIMENT

Our MWNTs are produced by the chemical vapor depo-
sition technique, in which a hydrocarbon gas is decomposed
at elevated temperatures ��800 °C� on carbon fibers, on
which Co/Ni particles are deposited as catalysts.24 The size
and chemistry of the catalyst play an important role in deter-
mining the diameter and wall thickness �i.e., number of con-
centric tubes� of the resulting structures. In our case,
MWNTs with diameters ranging from 20 to 50 nm were pro-
duced. Figure 1�a� shows a TEM micrograph of a typical
MWNT grown on carbon paper, while Fig. 1�b� shows the
high-resolution TEM �HRTEM� image of the graphite layers.

The MWNTs thus produced were sonicated for 2 h in
70% �v/v� aqueous ethanol to obtain a suspension of tubes. A
droplet of the suspension was placed on a polycarbonate
membrane �Nucleopore track-etch membrane� of pore size of
0.8 �m and allowed to evaporate. The AFM experiments
were performed using a MultiMode AFM with Nanoscope
IIIa controller �Digital Instruments�. Samples were imaged in
air in contact mode using Si3N4 cantilevers with a nominal
spring constant of 0.5 N/m. We used the thermal-noise
technique25 to determine an actual spring constant of
0.86±0.03 N/m. Occasionally, tubes bridging a pore could
be found, as shown in Fig. 2. Repeated imaging showed no
tube displacement, indicating that the interaction between the
polycarbonate surface and tubes was strong enough to clamp
them to the membrane surface.

Nanomechanical testing was performed as previously
reported23 by acquiring “force-volume” images of 32�32
force spectra each, chosen to ensure that spectra �i.e., curves
of AFM cantilever deflection y as a function of vertical

sample displacement �z� were collected at several positions
on each tube. Vertical ramp sizes of 300 nm at a rate of 1 Hz
were used, and the maximum force was limited to 56 nN to
ensure that all measurements were within the elastic limit.

III. MECHANICAL MODEL

In the continuum limit, the elastic deflection of a
clamped beam of length L due to bending caused by a force
F applied at a point a measured from the edge of its sus-
pended portion as illustrated in Fig. 3 is given by26

�bend�x�

= ��F/6EIL3���L + 2a�x − 3La��L − a�2x2, 0 � x � a

�F/6EIL3���L + 2x�a − 3Lx��L − x�2a2, a � x � L ,
�

�1�

where E is its Young’s modulus �in the direction along the
beam� and I is its area moment of inertia. For the case of a
tubular beam, the area moment of inertia is given by ��D4

−D0
4� /64, where D and D0 are the outer and inner diameters,

respectively, of the tube. At the particular location a at which
the force is applied, the beam deflection is given by

�bend�a� =
F

3EI
�a�L − a�

L
	3

. �2�

Because the deflection � is linear in the applied force,
the contact regimes of force spectra acquired at positions on
the suspended tube reveal a uniform slope, which varies with
position along the tube. We calibrate these slopes by normal-
izing to the mean value measured on the rigid substrate,
where piezodisplacement is equal to cantilever deflection,

FIG. 1. �a� TEM micrograph of a MWNT. �b� HRTEM image of the wall
showing layers with arrows indicating the scrolled structure.

FIG. 2. �Color online� Atomic force microscope �AFM� image of a MWNT
suspended across a pore in a polycarbonate membrane filter. The tube width
is greatly exaggerated due to convolution with the pyramidal AFM tip.

FIG. 3. �Color online� Schematic of a clamped beam of length L deflected
by a force F applied at a point x=a. Indicated are the reaction forces NL and
NR and moments ML and MR required to maintain the clamped boundary
conditions at the left �L� and right �R� ends.
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resulting in theoretical slopes of dy /dz=1. In order to extract
the elastic parameters, we model the tube compliance—i.e.,
the ratio � /F of its deflection to the applied force—as a
function of position. Since the applied force is proportional
to the cantilever deflection y, and the piezodisplacement �z
must be equal to y+� once contact is achieved, we calculate
the compliance at any position on the beam from the slope of
the force spectrum acquired at that point according to

d�

dF



1

k

d�

dy
=

1

k
��dy

dz
�−1

− 1	 . �3�

From Eq. �2�, we can model the compliance as

d�

dF
=

64

3��D4 − D0
4�
�a�L − a�

L
	3

e , �4�

where the parameter e=1/E. The outer diameters of the
nanotubes and the length L of their suspended portions are
determined from AFM height images. Following common
practice,21,22 the inner diameters, which cannot be measured
by atomic force microscopy, are neglected. Figure 4 shows
fits of the measured compliance determined according to Eq.
�3� to the model of Eq. �4� �assuming D0=0� for a typical
data set.

It is clear from Fig. 4 that the pure-bending model does
not capture the true behavior of the beam deflection. A better
fit can be obtained by including an additional term: deflec-
tion due to shear. It is evident from Fig. 3 that any section of
the suspended portion of the beam must be subject to a shear
stress: for instance, for a section from the left support at x
=0 to a point x�a to be in mechanical equilibrium, an in-
ternal downward force at its right end must balance the sup-
porting force NL. We thus expect shear to result in an addi-
tional deflection of approximately NLx /GA, where G is the
shear modulus of the tube �measured radially� and A
=��D2−D0

2� /4 is its cross-sectional area. In fact, a more ac-
curate calculation26 shows that this deflection should be mul-
tiplied by a numerical factor fs of order unity �for example,
fs ranges from 10/9 to 7/6 for a cylindrical beam, depending
on its Poisson’s ratio�. We therefore approximate the shear
deformation as that of a simply supported beam,26

�shear�x� = � fs�F/GAL��L − a�x , 0 � x � a

fs�F/GAL��L − x�a , a � x � L ,
� �5�

so that the shear deformation at x=a is �shear= fs�L−a�aF /
GAL, and Eq. �4� becomes

d�

dF
=

64

3��D4 − D0
4�
�a�L − a�

L
	3

e

+
4fs

��D2 − D0
2�

a�L − a�
L

g , �6�

where g=1/G.
In addition to the fit to the bending model of Eq. �1�, Fig.

4 shows fits of a typical data set to a model considering shear
alone, as well as to the full model of Eq. �6�. Again, of
necessity, we neglect the inner diameter D0. It is clear that
only the full fit is satisfactory; in particular, the shear term,
which can typically be neglected for isotropic materials, can-
not be excluded. By averaging the results of full fits to Eq.
�6� of 13 data sets, we found Young’s modulus of MWNTs to
be 350±110 GPa and their shear modulus to be
1.4±0.3 GPa. It must be emphasized that because the model
considers the MWNTs to be solid cylinders rather than hol-
low tubes, these moduli are underestimates—in reality, the
intrinsic values for a graphene layer are higher. Nevertheless,
we expect elastic properties measured in this way to be use-
ful because they represent the effective moduli appropriate
for predicting the mechanical behavior of these tubes. More-
over, even if the geometry were measured more accurately—
e.g., by high-resolution TEM—the validity of extending con-
tinuum mechanics to an intrinsically atomic system has not
been adequately tested.

IV. VALIDATION OF THE MECHANICAL MODEL

The mechanical measurements described above involve
a number of assumptions. For instance, we assume that the
tubes are well anchored to the substrate so that the clamped
model is applicable. Because the AFM only records the por-
tion of the sample in contact with the tip, we cannot directly
show that all portions of the supported tube remain in contact
with the substrate. However, we do note that the tubes re-
main in place through repeated scanning.

Implicit in the proposed bending model is an assumption
that the lengths of the tubes do not change during the mea-
surement. In reality, deflection must result in an increase in
length. However, we find that this effect is not significant for
the maximum deflections attained in this study. Within the
context of the predicted beam profile �i.e., the sum of the
deflections given by Eqs. �1� and �5��, the maximum tensile
�and compressive� strains occur at the point of maximum
curvature and have magnitude D /2R, where R= �� ��x��−1is
the radius of curvature of the beam. It can be shown from Eq.
�1� that the maximum tensile and compressive strains for a
given applied force occur at the anchoring points when the
force is applied a distance a=L /3 away and are given by
�max=2DLF /27EI. In the case of our measurements, we es-
timate that the maximum strains due to bending range from
0.1% to 1%. In contrast, the maximum strains due to the
increase in the contour length of the tubes, which we over-

FIG. 4. �Color online� Compliance of suspended MWNTs as a function of
position along the suspended portion of the tube measured relative to the
cantilever compliance 1/k. Fits to three models are indicated: one based on
a simple bending model �dashed curve�, one based solely on shear deforma-
tion �dotted curve�, and one incorporating both deformation mechanisms
described in Eq. �6� �solid curve�. In general, both types of deformation
must be considered to adequately model the data.
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estimate as 2�max/L=FL2 /96EI+ fsFL /4GA, where �max is
the predicted maximum deflection, were typically an order of
magnitude smaller. It should be noted that for forces higher
than those used in our analysis we do see the expected tran-
sition to nonlinear force curves. We did not attempt to extend
our analysis to such cases and restricted the force range em-
ployed where necessary.

The maximum strain allows us to calculate the maxi-
mum load sustained by any portion of the MWNTs during
measurement. The fact that the tubes were able to sustain
strains as high as 1% implies that the tensile strength of the
tubes is at least several gigapascals �actual loads varied from
1 to 12 GPa�. Again, this is an effective value assuming a
load distributed across the entire tube cross section—the in-
trinsic value for the tube walls must be higher. This lower
bound on the tensile strength is consistent with previous
measurements of MWNTs.13

V. DISCUSSION

Most experimentally determined values of Young’s
modulus of MWNTs fall over a wide range of 0.4–2.4 TPa,
though a much higher value of about 3.7 TPa has also been
reported for tubes of smaller diameters.10,27 Some of this
variation may be due to differences in the method of produc-
tion. Salvetat et al. noted a large difference in Young’s modu-
lus of arc-discharge MWCNTs, 1.28±0.59 TPa, relative to
those produced by CCVD using NaY zeolite as catalyst, for
which values as low as 50 GPa were reported.27

Although our estimate of 350 GPa for Young’s modulus
of MWNTs is within the range of previous experimental re-
ports, the large standard error of 110 GPa in our mean value
indicates that there is more to the story. One possible expla-
nation for the scatter in our values is that the similarity in
shape between the bending and shear terms in Eq. �5� results
in a strong covariance between the fit parameters e and g,
making independent determination of Young’s and shear
moduli difficult. Another possibility is the variation in the
defect density, which has been recently studied by Gaillard et
al.30

Intrinsic variations between the tubes will likely play an
important role, even for defect-free samples. Iijima31 demon-
strated that for tubes of comparable diameters, the number of
inner layers, and therefore the wall thickness, can differ.
However, the inner diameter cannot be measured in an AFM
experiment. This variability significantly affects the effective
value of the modulus. Thus, models that assume a cylindrical
geometry �as do Refs. 12, 15, 21, 22, and 27 as well as
ourselves� underestimate the intrinsic material properties.

The shear moduli of MWNTs have been estimated by
theoretical simulations to be 0.45 TPa �Ref. 28� and
0.4±0.05 TPa �Ref. 29�. The value of 1.4±0.3 GPa we mea-
sure is similar to the 1 GPa range estimated by Salvetat et al.
for ropes of multiple SWNTs, in which individual tubes may
slide past each other, but is much lower than the expected
value for single tubes.21 Experimental studies have estab-
lished the ability to separate and pull out individual layers of
MWNTs under tensile load.13 Forces applied along a nano-
tube might therefore result in interlayer slipping, leading to a

low shear modulus since layers, such as adjacent graphene
sheets in graphite, are bound only by weak van der Waals
interactions.

The surprisingly low value of the shear modulus may
provide important clues about the structure of MWNTs. It is
known that MWNTs not only form concentric layers of
graphene sheets but can also form scroll-like structures, in
which one or more graphene sheets are wrapped up to form
nanotubes with inner layers similar to those of MWNTs.32,33

These scrolled and nested structures of MWNTs have been
widely discussed, but are often referred to as defects in the
regular MWNT growth process. For instance, Lavin et al.34

reported HRTEM observations suggesting the coexistence of
scrolled and nested features. A growth model proposed by
Amelinckx et al.35 predicts that nested and scroll-type struc-
tures would be present side by side. Recently, Sun et al.36

have demonstrated the scrolled structure of our MWNT
samples by direct observations by HRTEM. In this case, the
cylindrical tube is generated by a single graphene sheet. As
seen in Fig. 1�b�, the graphene layers present a small angle
with the tube’s axis, also confirming a scrolled structure. We
believe that the increased potential for interlayer slipping in a
scrolled structure contributes to the observed low shear
modulus.

VI. THE REDUCED MODULUS

In order to explore the cause of scatter in our results, we
characterize the tube compliance by a single parameter, the
“reduced modulus” at the tube center defined by Salvetat et
al.21 as

Er =
L3

3�D4

1

d�/�dF�a=L/2
�7�

�after correcting a typographical error in Ref. 21�. This em-
pirical quantity reduces to Young’s modulus in the case of a
solid cylinder with negligible shear deformation, but is
smaller in general. We use the results of fits to Eq. �6� as
smoothing functions to determine the value of compliance at
the tube center far more accurately than could be achieved by
a single-point measurement and to provide, through the co-
variance matrix, an estimate of the uncertainty in the reduced
modulus.

Figure 5 plots the reduced modulus Er as a function of
tube diameter �the suspended length is approximately the
same in all cases�. This quantity apparently decreases with
increasing diameter, though more data points at smaller di-
ameters ��15 nm� would be necessary to establish a trend.
In order to understand this trend, we use Eq. �6� to show the
expected behavior as a function of the wall thickness ex-
pressed as the number of layers �assuming an interlayer spac-
ing of 0.34 nm�. Several sample curves are shown, but the
scatter in the data, which is presumably due to both defects
and variations in the number of layers, makes definitive con-
clusions impossible. We note, however, that no reasonable
model of this sort can simultaneously match the values of the
effective modulus over the entire range of diameters studied
unless Young’s modulus is less than 1 TPa and the shear
modulus is not more than a few gigapascals. The family of
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solid curves shows the expected behavior for a Young’s
modulus of 600 GPa and a shear modulus of 2 GPa, with a
varying number of layers. This set of curves is able to en-
compass most of the data: significantly lower choices of E
are unable to match the experimental values of Er at small
diameters, whereas higher values suggest that the tubes must
contain fewer layers than typically observed by TEM for
samples from the batch studied. We note that such a low
value of the intrinsic shear modulus of the tubes is consistent
with the effective value of 1.4 GPa determined earlier �by
treating the tubes of unknown inner diameter as cylinders�;
indeed, the fact that the tube compliance could not be mod-
eled as a pure bend strongly suggests a small shear modulus.
An alternative family with a shear modulus of 200 GPa
�dashed curves� does a much poorer job: while it does span
the measured values of the reduced modulus, it would re-
quire tubes of smaller diameter to systematically have
thicker walls.

VII. CONCLUSIONS

We have developed a technique to directly determine
effective values of both Young’s and shear moduli of
MWNTs. We measured a Young’s modulus of
350±110 GPa, which is consistent with previous experimen-
tal estimates and lower than theoretical predictions. We re-
ported a direct measurement of the shear modulus �G
=1.4±0.3 GPa� of MWNTs, which is much lower than the-
oretical estimates. Because the inner diameter of the tubes
could not be measured in our experiment, these values de-
scribe the elastic properties of the entire tube, not the intrin-
sic properties of the graphene layers of which it is com-
prised. A consideration of the variation of the elastic
properties with tube diameter suggests that the intrinsic
Young’s modulus of the tube wall alone is smaller than
1 TPa, while the intrinsic shear modulus must be of the order
of only a few gigapascals. Given the sensitivity of these re-
sults to assumptions about the inner structure of the nano-
tubes, as highlighted by Fig. 5, we suggest that high-

resolution imaging of specific tubes, perhaps by TEM, is
essential for future experimental efforts and will also permit
numerical modeling to proceed beyond the classical beam
theory.
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FIG. 5. �Color online� Reduced modulus of MWNTs as a function of tube
diameter. Two families of models are shown for comparison. The solid
curves show the expected behavior for tubes with a Young’s modulus of
600 GPa, but a low shear modulus of 2 GPa, and a varying number of layers
�indicated by the column of numbers near diameter of 30 nm�. The dashed
curves indicate expectations for tubes with a shear modulus that is a sizable
fraction of Young’s modulus, which is chosen as 200 GPa for the purposes
of this illustration �the number of layers is indicated by the numbers on the
right-hand side�. Although both models encompass most of the data, the
trend of a reduced modulus that decreases with tube diameter favors the first
model.
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